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Classification problems
Example

* Email Spam Filtering involves classifying an email as spam or
non-spam based on the email contents

* Qutput: spam or non-spam
* |nput variables or features: information obtained from the email

e class ‘spam’

X, 4 P PY O class ‘non-span'’

http://www.kdnuggets.com/

The filter estimates the output from the inputs
(i.e., given an email, it is spam or not)
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Classification problems
Iris data

* 150 observations
* 4 inputs: length and width of petals and sepals
* Qutput: type of Iris (setosa, versicolor, virginica)
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Classification problems
Iris data

» Estimated output by four different classifiers (using two inputs)
* For each pair of input values, the color represents the estimated output

* There exist many
classification techniques

e Accuracy, interpretability,
and learning complexity of
the estimation process
are key for selecting the
appropriate one
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Main types of problems
The classification problem

Many of the concepts we have
found in regression are
transferred to the classification
setting with only some
modifications because the
output is no longer numerical.

(@  Regression problem

A

oo
=
C
| -
©
g
(b) - Classification problem | .15 o () Clustering problem
lass 'I'
XZA o® PY ° 0 crass sz
g o ©®° Classification Clusters
d . rule
o
X
1
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Classification
Approach

e The theoretical model consists of two main terms:

Deterministic Random Term
Term (classification error)

N\ /

/

The qualitative output variable Y can take K
possible distinct and unordered values (K
different classes or categories)

Usually, in classification, the deterministic term has no
mathematical compact form; it includes some logical
classification rule
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Classification
Main approaches (idea) Y = f(X)+e

 Direct approach
* Focus on the conditional expected value of the output (the average class)

* Estimates directly the output value

E(ﬂX:x) MODEL NON-SPAM

Classification trees

“ MODEL = SPAM
* Probabilistic approach

» Focus on the conditional probability of each class

* Estimate the K probabilities to provide an enhanced output

NON-SPAM (90%)
MODEL SPAM (10%)

Linear discriminant

‘ NON-SPAM (1%)
“ MODEL SPAM (99%)
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Classification
Classification tree vs. linear discriminant

* Two bidimensional classification illustrative examples

Classical
Linear discriminant Classification tree
PROBLEM A: the
true decision
boundary is
linear
BAD
GOOD Overfitting
PROBLEM B:
The true decision
boundary is
nonlinear
Oversmooti/iar\wz GOOD
Estadistica Il Classification
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Classification problem
Classification vs. regression

 The main goal is to estimate, from the input values, the
output value (as in regression)

* Now the output is qualitative (categorical)
* Finite set of possible values
* Unordered values

New ways of assessing the model accuracy

Estadistica Il Classification
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Classification
Assessing model accuracy

 The most common approach for quantifying the accuracy of
the classifier is the error rate, the proportion of mistakes that
are made if we apply our estimate to the observations

* 1 means 100% of misclassification
* 0 means perfect classification

N I # )
1=1

. Indicator variable
Dataset for computing the I(true)=1 I(false) =0

error rate ~ N
vi =Y 1(y; # 9;) = 0
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Classification
Assessing model accuracy

e The classification confusion matrix allows us to understand
how the classifier performed in each class, the types of
mistakes

y [11111116@00 0], %true, target
yest = [1 01100100 1]; %estimated

° Exa m p | e plotconfusion(y,yest);

est
vy Confusion Matrix
1 1
Elements on the diagonal of 1 0
the matrix represent 1 1
observations whose output 1 1 @
were correctly predicted, while 1 0 )
off-diagonal elements 1 0 %
represent cases that were 1 1 s
misclassified 5
fi 0 0 o
0O O
0O 1
0 1
Overall error rate = 40.0% Target Class
Estadistica Il Classification 13

ICAI- GITI/GITT 2023-2024



Introduction

Model complexity vs. generalization error

Direct approach: Classification trees

Probabilistic approach: Linear Discriminant Analysis
Quiz

Real examples

O U hE WwWN e

Model complexity vs.
generalization error

_‘7
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Main difficulties
Overfitting and oversmoothing

* More complex models (such as classification trees) can lead to
a phenomenon known as overfitting the data, which
essentially means they follow the errors, or noise, too closely

Oversmoothing is
typical if very simple
models are used

Estadistica Il

(a) Oversmoothing (c) Overfitting
A @ A
(5 7
()
© Overfitting is
= ™| typical if ver
regression problem regression problem ¥P Y
- —— omplex models
(b) Oversmoothing (d) Overfitting Jre used
classification problem classification problem
Classification 15
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Main difficulties
Overfitting and oversmoothing

* Example (bidimensional regression problem)

Complexity increases

e Example (classification problem)

v

Complexity increases S
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Main difficulties
Overfitting and oversmoothing

* Trade-off between the deterministic and the random
component of the model

In the over-smoothing
case, part of the
deterministic component
is considered noise

Y =f(X)+e

In the overfitting
case, part of the
noise is modeled as
deterministic

It is a question of estimating the right complexity
of the model

Estadistica Il Classification
ICAI - GITI/GITT 2023-2024



Model complexity
Training and test sets

* The test set is used to estimate the future prediction error,
consisting of unseen observations not used to train the
statistical learning method

* The test set allows fixing the trade-off between model
complexity and training error

Train the model ° TRAINING
TRAINING based on the TR °Q Model SET

SET set (with different

lexiti e —
complexities) N TEST SET
o)

log, '8
Good compromise " “le, Y
O/~S

Test Error

v

Model complexity
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Model complexity
Training and test sets

The U-shape in the test MSE curve holds
regardless of the data set and the
statistical method being used

e Example (regression problem)

A Test MSE

Model C: curve
Too flexible
model

C

Model A: Var(e)
Too simple
Training
MSE curve
Estadistica Il Classification 19
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Model complexity
Training and test sets

 Example (regression problem)

The training MSE decreases
monotonically. However,
because the truth is close to
linear, the test MISE only
decreases slightly before
increasing again

The training and test MSE
curves still exhibit the
same general patterns, but
now there is a rapid
decrease in both curves
before the test MISE starts
to increase slowly

Estadistica Il
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U-shape in the
test MISE holds

Test MSE

Test MSE
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Model complexity
Training and test sets

* Regression example

» Estimate the polynomial (complexity and parameters) from the
available dataset

Datos reales
4.5

: « 200 observations
:4s/  « Thereis noise

3.5¢ o

+  Funcion buscada (desconocida)
e Datos disponibles (con ruido)

2.5¢

1.5}

0.5 °

052
0
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Model complexity
Training and test sets

* Fit 12 polynomials with increasing complexity between 1 and
12

* Use 80% of the data set as training data and 20% for testing

Detail

% Funcién objetivo X 0.8F % Funcion objetivo
——— Polinomios estimados

——— Polinomios estimados

0.7}
0.6}
0.5}

T
0.3}

X% R
Y 2= 2
» Y B
0.2¢ B &2
SRR
’ S

0.1k

0 02 04 06 08 1 12 14 16 1.8 2 035 04 045 05 055 06 065 07 075 08 0.85
X X
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Model complexity
Training and test sets

* Trade-off between test error and model complexity

I I I I
0.13+ —C— Error cuadratico medio conjunto aprendizaje -
, —+H— Error cuadratico medio conjunto test
0.12F Detail
0.1+ M/ |
0.1F . N
Choose quadratic
0.09r o E drético medio conjunto aprendizaj N
- 0.08|- N
=
0.07 - _
0.06- |\ D e i
0.05- B\E/E/E/E—H
0.04f i
003f S SISt
\ \ | | \ \
2 4 6 8 10 12
Estadistica || Orden polinomio
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MSE

Model complexity
Training and test sets

* More data allows better estimation of the complexity

4 4
3t i
2+ i
> 1 . >
0 b 4
: *  Funcién objetivo
-1F ——— Polinomios estimados || 0
_2 1 1 | | | | | | | _1
0 02 04 06 038 1 1.2 14 16 1.8 2
X
—6— Error cuadratico medio conjunto aprendizaje 0.0431
0.05- ——H&— Error cuadratico medio conjunto test | 0.042 1
0.045} 1 i
‘ Cubic L, 0.041
%)
0.04} = 004}
0.039}
0.035F
0.038 |
0.03 | I I | I

Orden polinomio
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% Funcion objetivo
—— Polinomios estimados

| | | |

12 14 16 1.8

I
1
X

T

—6— Error cuadratico medio conjunto aprendizaje [
—H&— Error cuadratico medio conjunto test

Quadratic

—
2 2.5 3 3.5 4
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Introduction

Model complexity vs. generalization error

Direct approach: Classification trees

Probabilistic approach: Linear Discriminant Analysis
Quiz

Real examples

ok wNE

Direct approach:
Classification trees

_‘7
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Classification trees

Overview
* Characteristics:

* Classify classes of the output by splitting the input space
* The resulting white-box model is hierarchical

e Example:
A Classes
X1 o root | xo < thldy ?
c1
%O | I:l (0] Y/
C3
o OO: = X1 < thldy ?
thldi4+ = = 4 — — —. 1 L
O :- ] / \
O B = N Y
O] I- I Conclude| |Conclude
! - c1 c2
thld, X2

* Types of nodes: test and terminal

* Nonlinear models
* Types of separators: * Universal approximators

e For categorical input variables: Value of X?
e For continuous input variables: Value of X < threshold?

Estadistica Il
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Classification trees
Partition of the input space

* |ris problem

* The hierarchy of the tree imposes the
input space partitioning

Estadistica Il
ICAI - GITI/GITT

Splits are
orthogonal to
the axes
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Classification trees
llustrative example -
1000 2

outside
e ) classes: inside/outside m

* 4 inputs (attributes)

(X, %5, X5, %,) g 10

\ X
The fourth input is noise \ xl

if (x3>100 OR x3<0)
y = 0; /* outside */
else{
if ((x3<10*(10-x1)) AND (x3<(1000-x2)/10))
y =1 ; /* inside */
else
y =0 ; /* outside */

}

Estadistica Il Classification 28
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Classification trees

llustrative example: input space

(a) Projection along plan‘ x1-xa
1200 T ——

RN
EOPICECE AN SR G S
EI "* A
e LRI EPIRE
e A“ v fa s Taa ‘ ¢
1000 =% leres ;
LA PR S .
< u A .
o by vt f
R
- SRS aag
800 fo'e"3% o NPT
I A . Lt
R A RN
RPN SR X
A T MNE IS
600 Foo 0 2a o mo™ 9 ook 7
Db 4ur IS N 3 .
> . PR
S g
Sy O, W e o
N Lo & 8
400 Fo @ -2 0
s o %‘o
40 s © .
N el Ot . .
pe 0005 2 -
D SR o Qe

~ ., LIS oo
200 [ o%.2 vgﬁ RSN T S AR

G

(b) Projection along plan

120 p—g—————
100

80

. AR
B0 Forw 0?20 oy

STE .t w0 &
9;<b‘ —“Oe‘o' “0. N
s N SO
g g% S
. aa < . .
40 o ’%59. DAY <@
B &o0 @ S T
Lo 6, & o T %
& NP R 2D

20

OB st
S
&
< 4
> <§8
o
96
&,
)

S O
2% o %.f%d&b o 4 od
A%%zg?o SRR
10, o B0 vk
0 % Sl 879 o o9

Estadistica Il x1
ICAI - GITI/GITT

&
0 2 6 8 10

1200

(c)

Projection along pIan{ x3-x2}
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Classification trees
Illustrative example: splits

(a)

Learning set: data.tr N=2000 Correct_classif.= 1905 (95.25%)
Test set: data.tst N=1000 Correct_classif.= 941 (94.10%)
Algorithm: ID3 Hmin: 0.52 Number_of nodes= 17

2000
4%(1000)

x3'< 53.76?

x1 < 7.99?

v N (b) (d
592 293
83%(327) %(134)
RS x3<53.76 ?
x2 < 819.18? x2<819.18?
Y N
83%(235) ;,\Ig%(fi)
X3 <22.25? Classes:
\ [ inside
D outside
Estadistica ll Classification 30
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Classification trees
Growing learning algorithm

b)) —
(o) 51
O W m
s Top-d
op-aown
AN bulcl
- 0 uilding
mm_ |00 approach
m .
7/ 2 \
ODO mO
"= !
- _ .
Increase the purity of the nodes

e |dea:

* Split the input space recursively until the terminal nodes are
pure enough

How do we assess the purity of a set?

Estadistica Il Classification 31
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Classification trees
Diversity

Chaos

Mixture of
Larger chaos More ordered classes

- Entropy: a standard way of assessing the chaos in the data set

0.20
0.18
0.16
— Pl
H(LS(n)) = — E p(n,c)logz[p(n,c))] v <
ST  a BN
/ S, N
o0a - AN
. . 002 / \
Proportion of points 000 N\
belonging to class c; ©838383mR383838583833°7
Probability
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Classification trees

Growing learning algorithm

The node is non-terminal

Select the best
split

Node

Best split _|Expand the node applying
the selected split

For each node

RECURSIVE PROCESS

List of new nodes
> Repeat the process

Otherwise (Terminal node)

Do not expand
the node

* Key points
 Splitting criterion: selection of the best split
* Stopping criterion

Estadistica Il Classification 33
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Classification trees
Growing Learning algorithm: Splitting criterion

* Select the best split T that produces the largest decrease
of the chaos in the LS (n)

Index(n,T) = H(LS(n)) — z p(n)H(LS(ny))

s=1,Ng

Node n LS(n)

Types of splits (T):
X is categorical: T = value X?
X is continuous:T = value X < threshold?

Estadistica Il Classification 34
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Classification trees
Growing learning algorithm: Splitting criterion

Data set and candidate

splits

Classes:
@ cl
O c2

n

p(nsl) = 14/2 52
Cl

24 observations (13 of class c1

and 11 of class c2)

Entropy of the
original data set

~ /

Evaluation of split S2

Node C
p(ns2) =10/24

ns2 | C2

p(nsl,cl) =11/14 p(ns2,cl) =2/10
p(nsl,c2) = 3/14 p(ns2,c2) = 8/10

s, T) = HLSM) = ) prg)H(LS(ny))

/ s=1,Ng \

HLSM) == ) p(n,c)loga[p(n, )]

Estadistica Il
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i=1,N¢

Entropy of the
split data set
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Classification trees

Growing learning algorithm: Stopping criterion

* Controls the number of nodes (related to the complexity of the tree)

* There exist different stopping criteria (more or less complex)

[ NOT CONTESTED
I CONGESTED

) | H(LS()) < Hynin

e Stopping criterion based on entropy:

Growing stage

Hp, i : Minimum entropy

» Stop splitting the node n if the entropy is small enough

Estadistica Il
ICAI - GITI/GITT
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Classification trees
Real problem: Iris classification

956% of training observations are correctly  98% of training observations are correctly classified
classified (97% of the test set)
(97% of the test set)

H, . =03
H,; =0.75 (larger tree)

Both models have the same test error rate.
One should choose the simplest one

Estadistica Il Classification 38
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Classification trees
Wehenkel representation

s

Tree ) The answer to the previous split

Proportion #2% / can be Y (ves) or N (no)
Number of learning

N examples in this node

atr1< threshold1 2

H|———
#2% (#3)
L atr2 <thresh01d2\? ) Number oftest
examples traversing
Proportion of learning this node
examples Zf eazfz class Proportion of test examples
in tne node .+ atr2 <threshold2 ? traversing the node that are
split correctly classified
Estadistica ll Classification
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X2

Classification trees
llustrative synthetic cases

e C1: 3 classes with few data

1271

08F
!I o L [ ]
o &%
0.6 ‘!.:}5'-" -
04re o0 g0

o
02} ¢
¢

0 02 0.4 06 0.8 1 1.2

« Class 3 (blue) is easily split from the other two
« The border between classes 1 and 2 is not very clear
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Classification trees
llustrative synthetic cases

e C1: 3 classes with few data

« Fit a full classification tree

« Built to fit perfectly into the training

Very complex data
model (full tree) zoom

treelni = fitctree(tr, 'Y~X1+X2', 'SplitCriterion’', 'deviance’, 'MinParentSize',1);
view(treelni, 'mode’, 'graph'); % show the tree

Estadistica Il Classification 41
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Classification trees
llustrative synthetic cases

* C1: 3 classes with few data
e Confusion matrix (training and test sets)

TR full tree: Confusion Matrix TS full tree: Confusion Matrix
1 70 0 0 100% 1 26 6 0 81.3%
33.3% 0.0% 0.0% 0.0% 28.9% 6.7% 0.0% 18.8%
Very complex
b4 0 75 0 100% A 4 19 (] 6
(7] (7]
model (full tree) 8 2| oo% | 3s7% | 0o% | oo% & 21 4a% | 211% | o0o% | 174
© b
2 3
5 3 0 0 65 100% = 3 0 0 35 100%
o 0.0% 0.0% 31.0% 0.0% o 0.0% 0.0% 38.9% 0.0%
100% 100% 100% 100% 86.7% 76.0% 100%
ALL 0.0% 0.0% 0.0% 0.0% ALL 13.3% 24 0% 0.0% 1.1%
N v > \/ N Vv > v
Nod w
; . Target Class Target Class
Overfitted model: the error 9 9
TR (210 obs. S (0 obs.;
rate goes from 0% (TR) to oo o
11.1% (TS) o et ol
2 ENL ) o P
SO
AR Yom, od * T
DAY 03 AR AR
. .’":'” ‘."" o2 S ? ¢
~
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Classification trees
llustrative synthetic cases

e C1: 3 classes with few data
* Fit a simpler classification tree by pruning the full tree

/

Simpler model
(tree with 15 nodes)

PrunLevel = 3;
treel = prune(treelni, 'Level', PrunLevel);
view(treel, 'mode’, 'graph');

Estadistica Il Classification
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Classification trees
llustrative synthetic cases

* C1: 3 classes with few data
e Confusion matrix (training and test sets)

TR simple tree: Confusion Matrix TS simple tree: Confusion Matrix
; 60 2 1 25 2 3
Slmpler model "1 oge% | 10% | o5% | 48% T o78% | 22% | 33% | 167%
(tree with 15 nodes)
» | 10 73 0 ® o 5 23 0
i) 4.8% 34.8% 0.0% 12.0% o] 5.6% 256% | 0.0% 17.9%
o o
5 5
g .| o 0 64 w00 | & | o 0 32 100%
o 0.0% 0.0% 305% | 0.0% o 0.0% 0.0% 356% | 0.0%
The error rate goes from ALY a3 | 27% 1.5% 6.2% AL 1679 8.0% 8.6% 11.1%
6.2% (TR) to 11.1% (TS)
N % % O N v o N
ks \a
) Target Class Target Class
Overtrained model?
Estadistica ll Classification 44

ICAI- GITI/GITT 2023-2024



Classification trees
llustrative synthetic cases

e C1: 3 classes with few data
* Fit a very simple classification tree by pruning the full tree

Very simple model

(tree with 3 nodes) /

PrunLevel = 6;
tree2 = prune(treelni, 'Level', PrunLevel);
view(tree2, 'mode’, 'graph');

Estadistica Il Classification
ICAI - GITI/GITT 2023-2024

45



Classification trees
llustrative synthetic cases

* C1: 3 classes with few data
e Confusion matrix (training and test sets)

TR Very simple tree: Confusion Matrix TS Very simple tree: Confusion Matrix
; ] 0 (] NaN% ; (] 0 (] NaN%
) 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%
Very simple model
(tree with 3 nodes) a 9 70 73 1 50.7% a3 5 30 25 3 43.1Y
) 333% | 348% | 05% | 493% sy 333% | 278% | 33%
o (&)
F F
2 | o 2 64 2 ., o 0 32 100%
o 0.0% 10% | 305% | 30% o 0.0% 00% | 356% | 00%
0.0% 0.0% 100% 91.4%
ALY H00% 2.7% 1.5% ALLL 4004 0.0% 8.6% 36.7%
The error rate goes from
N 9 22 v N Vv o) v
34.8% (TR) to 36.7% (TS) ® w
Target Class Target Class
A good model?
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Classification trees
llustrative synthetic cases

e C1: 3 classes with few data

Select the correct complexity by pruning the initial model according
to the TS error rate

07

—HB8— TR

¢ Very simple model oTs
(tree with 3 nodes)

0.5
Very complex
0.4l model (full tree)

0.6

]
- Simpler model
o -
Sosk (tree with 15 nodes)
02
0.1
0 |
7 6
Pruning level (1 node - full tree)
Estadistica Il Classification
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Classification trees

llustrative synthetic cases

e C1: 3 classes with few data

* Optimal tree: Good compromise between TS

error and complexity

TR Opt tree: Confusion Matrix

TS th tree: Confusion Matrix

Optl.mal tree ;| 63 9 0 87.5% ;| 28 3 0
(tree with 9 nodes) 300% | 43% | 00% | 125% 311% | 33% | 00% | 97%
B - 7 64 1 B 2 22 3 81.5
g 33% | 305% | 05% | 11.1% g 22% | 244% | 33%
) )
2 3
g . o 2 64 |o7ox | & | o 0 32 100%
o 0.0% 10% | 305% | 3.0% o 0.0% 00% | 356% | 00%
90.0% 91.4% | 91.1%
ALL 147% | 15% 9.0% AL 679 120% | 86%
N a9 o ?§>' N 9 > ?\}/
Target Class Target Class
The error rate goes from
PrunLevel = 4;
’ . . 9.0% (TR) to 8.9% (TS)
treeOpt = prune(treelni, 'Level', PrunLevel);
view(treeOpt, 'mode’, 'graph');
Estadistica Il Classification A8
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Classification trees

llustrative synthetic cases
e C2: 3 classes with many data (3 x 1000)

=
. E
L] &
] ]
(=1
. . g & i
L] M L] L
= Ll S -
L 1 L | L ' L] u
n [} n n w0 w wn ['s]
< =] .~ © =] in <} <
o o o o (=]
(4.4

0.05 0.1 015 02 025 03 035 04 045 05

X1

49
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Classification trees
llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)

» Select the correct complexity by pruning the initial model according
to the TS error rate

07
g . —8—TR
Note that TS error is usually o Ts
0.6
larger tan TR error ]
05 =
204
©
S Good compromise between
W o3 error and complexity
02
01
0
18 16 14 12 10 8 6 4 2 0
Pruning level (1 node - full tree)
Estadistica Il Classification
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Classification trees
llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)

* Optimal tree: Good compromise between TS
error and complexity

Optimal tree

PrunLevel = 13;
treeOpt = prune(treelni, 'Level’, PrunLevel);
view(treeOpt, 'mode’, 'graph');

Estadistica Il Classification 51
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Classification trees

llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)

* Optimal tree: Good compromise between TS
error and complexity

Optimal tree
]
0
& 2
o
e
=
e
5 3
(@)
ALL
Estadistica Il

ICAI- GITI/GITT

TR Optimal tree: Confusion Matrix

643 77 0
30.6% 3.7% 0.0% 10.7%
66 623 1
31% | 297% | 00% 9.7%
0 8 682
0.0% 0.4% 32.5% 1.2%
90.7% | 88.0%
12.0% | 01% 7.2%
N Vv % ?9/
Target Class

Output Class

TS Optimal tree: Confusion Matrix

1 261 37 5
29.0% 4 1% 0.6%
5 30 252 1
3.3% 28.0% 0.1% 11.0%
3 0 3 311
0.0% 0.3% 34.6% 1.0%
ALL 1.9% 8.4%
N Vv 2] ‘?\y

Target Class

Classification
2023-2024

52



Introduction

Model complexity vs. generalization error

Direct approach: Classification trees

Probabilistic approach: Linear Discriminant Analysis
Quiz

Real examples

oA wWwN e

Probabilistic approach:
Linear Discriminant Analysis

_‘7

Estadistica Il Classification 53
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Probability Density class A

Discriminant Analysis
|dea

e Assume that different output classes generate data based on
different distributions

0.4 0.4

.. Class A

Class B

Probability Density class B

The number of
observations of each
class can be different

Estadistica Il
ICAI - GITI/GITT
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Discriminant Analysis
Overview

* This method first uses the multivariate Gaussian distribution to
model, for each output class k, the joint probability distribution
of the inputs

f(X) =Pr(X =z|Y = k)

e Then, it uses Bayes’ theorem to obtain the posterior
probabilities

* Finally, it uses the Bayes classifier optimal rule to decide the
estimated class from the previous posterior probabilities

Estadistica Il Classification 55
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Discriminant Analysis
Application case

e k: class. Class A: male students. Class B: female
students

* x1, x2: standardized grades for Algebra and Calculus

* fi.(X) probability of having a grade of x1 and x2 given
that you are male/female

* Pr(Y = k|X = x) probability of being male given that
you have obtained x1 and x2 in your Algebra and
Calculus grades = prob. of being male X prob. of
having a grade of x1 and x2 given that you are male
divided by sum for male and female of prob. of being
male/female X prob. of having a grade of x1 and x2
given that you are male/female

Estadistica Il Classification 56
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Discriminant Analysis
Multivariate Gaussian distribution

e (Univariate) Gaussian distribution
X = N(u,0°)

Generalization to
higher dimensions

 Multivariate Gaussian distribution

X ~ N (,LL ) 2)
1 P
f(CC) — (271_)1)/2‘2‘1/2 exXp _@ ('CU o H’) (CC - H’)
e 2
Estadistica I HX — W5 Classification 57
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Discriminant Analysis
Multivariate Gaussian distribution

* Parameters
X~ N(luv Z)

* u: Vector of means (p-dimensional)
* Center of the Gaussian in the p-dimensional input space
* u= EX)

* X : Covariance matrix (p X p matrix)
* Spread and Shape of the Gaussian
e X =cov(X)

Number of parameters:p + p(p + 1) /2 \

Estadistica Il Classification
ICAI - GITI/GITT 2023-2024
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Discriminant Analysis
Multivariate Gaussian distribution

* Bivariate Gaussian distribution (p = 2) X ~ N(Ma 2)

, 1 1 (z —p.)?  (y—uy)?  2p(x— pg)(y — py
gl x| = _ | f ) L 5y) _2p(T — pg ) (Y — py)
2m0,0y\/1 — p? 2(1 — p?) o2 o, 00y
* Five parameters:
Covariance between
variablesx andy .-~
————— ‘A://
Pearson linear \
correlation coefficient
Estadistica Il Classification 59
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Probability Density

Discriminant Analysis
Multivariate Gaussian distribution

* Example (p = 2) ue 0.0 s_ 1.0 0.0
0.0 0.0 1.0

mu = [0 0];Sigma = [10; 0 1]
4
Same variance and
0.4 3 -
no gorrelation
0.35
2
0.3
TN
0.25 1
0.2
¥ 0
0.15 \
01 .":"4 ‘ -1
: N :
4 / ll'&,%:o“‘“\\“‘é‘k\* =
2 4 -3
-4
-4 -3 -2 -1 0 1 2 3 4
x1
x2 4 4 1
Estadistica ll Classification 60
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Discriminant Analysis
Multivariate Gaussian distribution

* Example (p = 2)

1.0 025 0.0
”:(—1.5] z:(0.0 1.0j

00
A P 0251
(CO/)/} var(x2) is larger than var(x1),

there is no correlation

mu = [1-1.5];Sigma = [.25 .3; .3 1] 10 025 03
= 2=
~15 03 1.0

o= 0.3
\f ) £0.25-1

[l var(x2) is larger than var(x1),
J there is positive correlation

=0.6

Estadistica Il
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Discriminant Analysis
Using Bayes’ Theorem for Classification

* Bayes’ theorem states that

P(Bi|4) = P(A|B:)P Z (A|B;)P 7,

S
[

X

Posterior probabilities lel oy fl (ZC)

* Thus, the K posterior probabilities can be computed by
plugging in estimates of
* The priors (easy if we have a random sample of the population)

™y MK
* The likelihood (the difficult part using Multivariate Gaussians)

fe(X) =Pr(X =z|Y = k)

Estadistica Il Classification 62
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Discriminant Analysis
Bayes Classifier: the optimal rule

* Assign each observation to the most likely class, given its
input values
* This rule minimizes the TEST error rate

Assign the class j for
g [> which the conditional

probability is the largest

e Classification rule for two classes with equal priors (e.g., Y
equals 1 or 2)

YES Y =1
Pr(Y =1/.X = 29) > 0.5
( ‘ 0) NO Y =2

Estadistica Il Classification
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Discriminant Analysis
Bayes Classifier: the optimal rule

* Two-class problem with one input variable (K = 2,p = 1)
* Same probability for each class

Same priors Different priors
7,=05 7m,=05 7,=0.9
7 =0.1

Optimal Bayes If x=3 then class B
decision boundary is more probable

Estadistica Il Classification 64
ICAI - GITI/GITT 2023-2024



Discriminant Analysis
Bayes Classifier: the optimal rule

* Three-class problem with one input variable (K = 3, p = 1)
* Same probability for each class

Same priors Different priors
7Z3 =1/3 72'3 — 0.8
7Z'1=1/3 7[2:1/3 72'1:0.1 72-2:().1
| ] | ]
Estadistica Il Classification
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Discriminant Analysis
Bayes Classifier: the optimal rule

* Three-class problem with one input variable (K = 3, p = 1)

» Different probabilities and priors can imply very different posterior
probabilities and partition of the input space

—_—A
e =

C

Density

Prior * Density
o o ©
N W B

T

(@]

|

o
=
T
1

If x > 7.35thenY =C

Posterior probability
o o o e
N A OO ©

Estadistica Il Classification 66
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Discriminant Analysis
Linear Discriminant Analysis for p=1

* To estimate the densities, the linear version makes some
assumptions about its shape
* They are Gaussian
* They have equal variance

Su(z) = 1 exp (—%(l’ — Mk)z) |

V27O I
2 __ 2
0-1 e « O-K

* Then, the posterior probabilities are given by

¥ _ ;[;) _ Tk \/21_7m €XP (_21 (CU — luk)Q)
— K
> o1 T _\/21_71'0' exp ( QL (x — 1) )

Pr(Y =k

Estadistica Il Classification 67
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Discriminant Analysis
Linear Discriminant Analysis for p=1

* The Bayes classifier rule assigns an observation to the largest
posterior probability. It is equivalent to assigning the
observation to the class for which the discriminant function is
the largest

These are LINEAR
functions of x

2
r(2) =& - 55 — 2k + log(m)

202

* Example

Posterior probability
© o o o

N s [&] [e=]
I T I T

Discriminant function

|
-4 -2 0 2 4 6 8 10

Estadistica Il X Classification 68
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Discriminant Analysis
Linear Discriminant Analysis for p=1

* The LDA classifier first estimates all the required parameters

of the classification model

1

ng .
z'yq;—k

k 1 Witjp=k
e Then, it plugs the estimates into the discriminant functions

* Finally, assign an observation X = x to the class for which the
discriminant function is the largest

Estadistica Il Classification 69
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Discriminant Analysis
Linear Discriminant Analysis for p>1

* To estimate the densities, the linear version makes some
assumptions about its shape
e They are multivariate Gaussian
* They have an|equal covariance matrix

| 1 »
@) = gz e (3@ - W= e )

* |In this case, the discriminant function is

_ 1 _
Ok () = '3 1Mk — 5/«652 1Mk + log my,

Estadistica Il Classification 70
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Discriminant Analysis
Linear Discriminant Analysis for p>1

e Three-class example (20 observations for each class)

Optimal Bayes LDA decision
decision boundaries

\

boundaries

N (g, X)

Estadistica Il Classification
ICAI - GITI/GITT 2023-2024
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Discriminant Analysis
Quadratic Discriminant Analysis

» Alternative approach to LDA

e QDA assumes that the observations of each class are drawn
from a Multivariate Gaussian distribution, but each class has

Its covariance matrix

X~ NGB

LDA QDA
Kp+p(+1)/2 Kp + Kp(p +1)/2
* |n this case, the discriminant function is quadratic in x
Sur) = ol ) TS (@ ) — 5 log Dy 1 logy
1 1

) ) B |
=~y B w e B e — S B e — 5 log | Bk + log

2 2

Classification

Estadistica Il
2023-2024
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Discriminant Analysis

Quadratic Discriminant Analysis

e Two-class example (50 observations for each class)

LDA*

Corr(X1,X2) =0.7

QDA

Optimal Bayes
boundary

v

Corr(X1,X2) =0.7

Estadistica Il
ICAI - GITI/GITT

LDA

Corr(X1,X2) = —-0.7

QDA*

Corr(X1,X2) =0.7

Classification
2023-2024
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Discriminant Analysis

llustrative synthetic cases
e C2: 3 classes with many data (3 x 1000)

e IDEAL case for Linear Discriminant Analysis

127 « This dataset has been generated by
¢ drawing random data for three different
= 2 . . . . .
1t o 3 Multinormal distributions according to the
following TRUE parameters:
08 « 1y = (0.3767 0.7566)
el « up =(0.2200 0.5612)
o ' « U3 = (0.7454 0.2959)
e T R : 0.01 0.0
0.4t i L. RN« o X =
7l SRR ( 0.0 0.01)
02t " 1271
.|
0r 70% for the TR and ‘ 081
30% for the TS 06!
0.2 ' | | | I X 04+
-0.2 0 0.2 0.4 0.6 0.8 1 :
X1 0.2}
 Class 3 (blue) is easy to split from the other two of
« The border between classes 1 and 2 is not very 02 e
clear X1
Estadistica Il Classification 74
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Discriminant Analysis

llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)
 Fit a Linear Discriminant (LDA) using TR data (2100 obs.)

1.2

1 L

08

06

X2

047

0.2}

0 -

025 . . . . . . R
-0.2 0 0.2 0.4 0.6 0.8 1 1.2
X1

Estadistica Il
ICAI - GITI/GITT

lda = fitcdiscr(tr, 'Y~X1+X2');

Estimated Mu’s
©.3787  0.7588
©.2184  0.5595
9.7520  ©.2938 LDA

Estimated Sigma

0.0101  0.0001 The same
©.0001  0.0100 _
sigma for all
the classes

Note that the estimated class borders are
straight lines (linear discriminants)

Classification
2023-2024 /5



Discriminant Analysis

llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)
 Fit a quadratic discriminant (QDA) using TR data (2100 obs.)

127

087

06

X2

04r

027

-0.2 0 /0.2 0.4 0.6 0.8 1 1.2

qda =

Estimated Mu’s

0.3787 0.7588

QDA
©.2184  0.5595

0.7520 0.2938

Estimated Sigma class 1
0.0106 0.0000
0.0000 0.0102

< fitcdiscr(tr, 'Y~X1+X2', 'DiscrimType', 'quadratic');

Estimated Sigma class 2
0.0102 0.0003

0.0003 0.0097 similar

They are quite

Estimated Sigma class 3
0.0095 -0.0001
-0.0001 0.0101

Note that the estimated class borders
aren’t perfect straight lines (quadratic
discriminants)

Estadistica Il
ICAI - GITI/GITT

Due to the large dataset,
QDA has low overfitting

Classification
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Discriminant Analysis
llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)

e LDA vs. QDA (confusion matrix, training, and test sets)

TR LDA: Confusion Matrix TS LDA: Confusion Matrix
.| 632 70 0 || 259 34 0
301% | 3.3% | 0.0% | 10.0% 288% | 38% | 0.0% | 11.6%
[7)] [7)]
8 ,| 77 | 637 0 8 ,| 32 | 258 1
T% 3% 0% | 10.8% QO B6% A% A% | 11.3%
< o 3.7% |30.3% | 0.0% % o 3.6% |28.7% | 0.1% %
Q 5 5 )
a2 4|0 1 683 g 4 0 (] 316 | 100%
8 0.0% | 0.0% |325%| 0.1% 8 0.0% | 0.0% |351% | 0.0%
89.1% | 90.0% | 100%
ALY 0.0% | 10.0% | 0.0% | 7.0% ALV 110% | 11.6% | 0.3% | 7.4%
N a9 ) N N Vv RV i . .
Target Class Target Class LDA is better than QDA in this
problem (less complex with very
TR QDA: Confusion Matrix TS QDA: Confusion Matrix similar error rates)
.| 632 72 0 .| 259 34 0 |[884%
30.1% | 3.4% | 0.0% | 10.2% 28.8% | 3.8% | 0.0% |11.6% e
® 0 ‘
< 8§ | 77 | 635 0 & | 32 | 258 1 |88.7%
a) 3 3.7% |30.2% | 0.0% | 10.8% o 3.6% |28.7% | 0.1% | 11.3% B
g 3 3
2 4, 0 1 683 g .0 (] 316 | 100¥
8 0.0% | 0.0% |32.5% | 0.1% 8 0.0% | 0.0% |[351% | 0.0%
89.1% | 89.7% | 100% 89.0% | 88.4% | 99.7% i
ALL
ALY 10.9% [ 10.3% | 0.0% | 7.1% 11.0% | 11.6% | 0.3% | 7.4% T B
N £ ) \?9, N v % \?\y
Estadistica Il Target Class Target Class Classification 77
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Discriminant Analysis
llustrative synthetic cases

e C2: 3 classes with many data (3 x 1000)

e LDA vs. Classification tree (confusion matrix, training, and test sets)

TR LDA: Confusion Matrix TS LDA: Confusion Matrix

| 832 | 70 0 | 259 | 34 0
30.1% | 3.3% | 0.0% | 10.0% 28.8% | 3.8% | 0.0% |116%
n 0
8 ,| 77 | 637 0 8 ,| 32 | 258 1
< o 3.7% |30.3% | 0.0% |10.8% o 3.6% [28.7% | 0.1% | 11.3%
D - -
=] 3 )
= 2 4, 0 1 | 683 2 4 0 0 | 316 | 100%
3 0.0% | 0.0% |325%| 0.1% 3 0.0% | 0.0% |35.1% | 0.0%
89.1% | 90.0% | 100%
AL 10.9% | 10.0% | 0.0% | 7.0% A1 0% [116% | 03% | 7.4%
N Vv % ?9/ N v > ?9,

Target Class Target Class

TR Optimal tree: Confusion Matrix TS Optimal tree: Confusion Matrix

| a3 | 77 0 | 281 | 87 5 |s61%
3 306% | 3.7% | 0.0% | 107% 29.0% | 41% | 0.6% |13.9%
(2] 7]
v & | 66 | 623 1 8 | 30 | 252 1
+ o 31% [29.7% | 0.0% | 9.7% o 33% [280% | 0.1% |11.0%
0 5 5
" 2 .| 0 8 682 g 4 0 3 311
© 3 0.0% | 0.4% |325% | 12% 3 0.0% | 0.3% |346%| 1.0%
(@)
90.7% 98.1%
ALL 93% [12.0% | 0.1% 7.2% ALL 10.3% | 13.7% | 1.9% 8.4%

N Vv 2] v N 2 ) v
w W

Target Class Target Class

Estadistica Il
ICAI - GITI/GITT

08

06

X2

0.4

0.2 b

LDA is better than the
estimated classification
tree in this problem
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Discriminant Analysis
llustrative synthetic cases

e C3: 3 classes with very few data (10 + 10 + 20)

e IDEAL case for Linear Discriminant Analysis
« This dataset has been generated by

M . . drawing random data for three different
1T = 2 multinormal distributions according to the
¢ - .
0ol o I 3 following TRUE parameters:
08l ° ° e U = (03767 07566)
' e« © o « U, = (0.2200 0.5612)
077 " « uz = (0.7454 0.2959)
Rosf - Dy (0.01 0.0 )
05l i ; ¢ 0.0 0.01
] = ¢ 127
04r u 'S ’: n
03F § « ¢ . 0.8}
* e
0.2 [ 70% for the TR and * ¢ « 28
30% for the TS LIRS ¢ X oal
>’ 02 04 06 0.8 1 02l
X1
« Class 3 (blue) is easy to split from the other two or
« The border between classes 1 and 2 is not very clear 02 o 02 04 06 08 1
X1
Estadistica Il Classification 79
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Discriminant Analysis

llustrative synthetic cases
* C3: 3 classes with very few data (10 + 10 + 20) =

* LDAvs. QDA

127

0.8r

06r

X2

04r

02r

'02 . L ! 1 1
-0.2 0 0.4 0.6 0.8 1
X1

0.2

Estadistica Il
ICAI - GITI/GITT

1.2

X2

-0.2

12

06

X2

04

0

-0.2
02 0 02 04 06 08 1

X1

127

081

061

04r

02r

0.4 1.2
X1

-0.2 0 0.2

Classification
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Discriminant Analysis

llustrative synthetic cases
e C3: 3 classes with very few data (10 + 10 + 20)

 LDAvs. QDA

LDA QDA

Estadistica Il Classification 81
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Discriminant Analysis

llustrative synthetic cases

e C3: 3 classes with very few data (10 + 10 + 20)

e LDA vs. QDA (confusion matrix, training, and test sets)

TS LDA: Confusion Matrix

TR LDA: Confusion Matrix

19 1 0
321% | 3.6% | 0.0% |10.0%
[7)]
& 1 5 0
5 2 ,
<C o 3.6% | 17.9% | 0.0% |16.7%
- S
-l s 0 0 12 | 100%
8 0.0% | 0.0% |42.9% | 0.0%
ALL 100%
10.0% | 16.7% | 0.0% | 7.1%
N 9 ) N
v§/
Target Class
TR QDA: Confusion Matrix
;| 10 0 0 |100%
357% | 0.0% | 0.0% | 0.0%
(7]
<DE 8 o 0 6 0 |100%
g o 0.0% |21.4% | 0.0% | 0.0%
=]
2 5| o 0 12 | 100
8 0.0% | 0.0% |42.9% | 0.0%
100% | 100% | 100% | 100%
AL 0 0% | 0.0% | 0.0% | 0.0%
N Vv 2] \?Q’
Estadistica Il
Target Class

ICAI- GITI/GITT

Output Class

Output Class

; 0 0 0 NaN%
00% | 00% | 0.0% |NaN%
)| 0 4 0 100%
00% [333% | 00% | 0.0%
3 0 0 8 100%
00% | 00% |66.7% | 00%
NaN% | 100% | 100% [ 100%
ALY NaN | 0.0% | 0.0% | 0.0%
N Vv ) ?9/
Target Class
TS QDA: Confusion Matrix
1 0 0 0 NaN%
0.0% | 0.0% | 0.0% | NaN%
o0 0 4 0 100%
0.0% |333% | 00% | 00%
5 0 0 8 100%
00% | 0.0% |66.7% | 0.0%
NaN% | 100% | 100% [ 100%
ALY NaN% | 0.0% | 0.0% 0.0%
N Vv ) Y\y

Target Class

LDA or QDA?

Classification
2023-2024
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Discriminant Analysis

llustrative synthetic cases
e C4: 3 classes with many data (3 x 1000)

1271
« This dataset has been generated
by drawing random data for three
Tr different multinormal distributions
(see contour lines)
0.8 « The green density is larger than
the red one
06
12
AN
X il
04 r
0.8
0.6
02 S
04+
O | 0.2r
* °l
-0.2 I I I I I I _0'?0.2 (I) ofz o.l4 o.ls 0f8 1 1j2
0.2 0 0.2 0.4 0.6 0.8 1.2 X1
X1
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Discriminant Analysis
llustrative synthetic cases

e C4: 3 classes with many data (3 x 1000)
* LDAvs. QDA

TR LDA: Confusion Matrix

TR QDA: Confusion Matrix

365 | 343 0 |516% 1| 420 | 85 1 |83.0%
17.4%|16.3% | 0.0% |48.4% 20.0% | 4.0% | 0.0% |17.0%
[7)] [72]
8 338 | 365 | 1 |5138% 8 ,| 285 | 623 | 0 |c6%
(3 16.1% |17.4% | 0.0% |48.2% o 13.6% [29.7% | 0.0% |31.4%
192 ¢ LDA et (] (] 0 12+ QDA bt (] (! (]
> =) A A0/
o 6 (] 682 ]99.1% g ,| 4 (] 682 |99.4%
g 0.3% | 0.0% [32.5%| 0.9% g 0.2% | 0.0% |32.5%| 0.6%
1r 51.5% |51.6% 1r 59.2% | 88.0% 82.1%
48.5%|48.4%| 0.1% 40.8%(12.0% | 0.1% |17.9%
N Vv 2] NS N Vv ) NS
0.8t v 081 v
Target Class Target Class
06 r 06 r
N N
> X
04r 04r
02r 02r
Or 0r
_02 1 1 1 1 1 1 1 _02 1 1 1 1 1 1 ]
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 -0.2 0 0.2 0.4 0.6 0.8 1 1.2
X1 X1
Estadistica Il Classification 84
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Discriminant Analysis
llustrative synthetic cases

e C4: 3 classes with many data (3 x 1000)
* LDAvs. QDA

LDA 147 QDA

X2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
X1

Estadistica Il Classification 85
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Discriminant Analysis
llustrative synthetic cases

e C4: 3 classes with many data (1000 + 200 + 1000)

12 « This dataset has been generated
by drawing random data for three
different multinormal distributions
(see contour lines)

« The green density is larger than

081 the red one, but there are 200
green points
06
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Discriminant Analysis
llustrative synthetic cases

e C4: 3 classes with many data (1000 + 200 + 1000)
* LDAvs. QDA

14 14
LDA QDA
1.2 1.2+
1f 1
08 0.8
S o6t < os
04} 0.4
0.2} 0.2
or ok
0.2 : . . : . : . 0.2 . . . . . : .
-0.2 0 0.2 0.4 0.6 0.8 1 1.2 0.2 0 0.2 0.4 0.6 0.8 1 1.2
X1 X1
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1. Introduction
2. Model complexity vs. generalization error
3. Direct approach: Classification trees
4. Probabilistic approach: Linear Discriminant Analysis
5. Quiz
6. Real examples
Quiz
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Quiz
Question 1

* Segun la siguiente matriz de confusion se puede afirmar que

SPRING
SUMMER

AUTUMN

Output Class

WINTER

ALL

SPRING SUMMER AUTUMN WINTER ALL

Target Class
A. El 32.9% del total de las observaciones se han clasificado correctamente como

pertenecientes a la clase AUTUMN.
La tasa de error de clasificacion en la clase SUMMER es del 77.7%.
C. De todas las observaciones de la clase WINTER, un 93.7% de ellas son clasificadas

correctamente por el modelo.

W
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Quiz
Question 2

e Segun el arbol adjunto, una observacion con TMAX416=34.6y
TMIN3947 = 7.60 se clasificara como

A. SUMMER.
B. SPRING.
C. WINTER.

Classification
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Quiz
Question 3

» Considerando las tasas de error en los conjuntos de entrenamiento (TR) y
test (TS) de la secuencia de arboles podados se puede afirmar que

A. El arbol con 22 nodos terminales se corresponde con un compromiso razonable

entre complejidad y error esperado.
B. El arbol con 2 nodos terminales se corresponde con un compromiso razonable

entre complejidad y error esperado.
C. El arbol con 8 nodos terminales se corresponde con un compromiso razonable

entre complejidad y error esperado.

Classification 9 1
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Quiz
Question 4

* Se han ajustado dos discriminantes diferentes para estimar la variable 'SEASON':
* M1: discriminante lineal segun 'SEASON ~ TMIN3948 + TMIN237'
* M2: discriminante cuadratico segin 'SEASON ~ TMIN3910 + TMIN417'

* Considerando su complejidad y la matriz de confusién de los modelos en un conjunto de
datos de test (TS) se puede afirmar que
TS M1: Confusion Matrix TS M2: Confusion Matrix

SPRING SPRING

SUMMER SUMMER
: g
k] 3
%) (&)
£ AUTUMN + AUTUMN
2 &
]
= =
o (@]
WINTER WINTER

ALL ALL

SPRING SUMMERAUTUMN WINTER  ALL
Target Class

SPRING SUMMERAUTUMN WINTER ~ ALL
Target Class

A. M1 es igual de complejo que M2, pero es mejor en términos de error en TS.
B. M1 es mejor que M2 en términos de error en TS, ademas de ser mas sencillo.
C. No tiene sentido la comparacion ya que utilizan variables de entrada diferentes.

Classification
2023-2024 92

Estadistica Il
ICAI - GITI/GITT



Quiz
Question 5

e Se han ajustado dos discriminantes diferentes para estimar la variable
'SEASON’, Segun |a particion del espacio de entrada se puede afirmar que

25

WINTER
SPRING

20 o, SUMMER
AUTUMN et AUTUMN

151

101

TMIN3910

8 10 12 14 16 18 20 22 24 26
TMIN417
A. El modelo M1 se corresponde con un discriminante lineal, y el M2 con uno cuadratico.

B. El modelo M1 se corresponde con un discriminante cuadratico, y el M2 con uno lineal.
C. El modelo M1 se corresponde con un discriminante rectilineo, y el M2 con uno curvilineo.
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Quiz
Question 6

» Selecciona la técnica mas adecuada a utilizar para cada uno de los
siguientes problemas:

* PRO1: Se quiere estimar el n2 de hijos de una pareja a partir de la edad media de la mismay
del tipo de coche que tiene. Se tiene informacién de 100 parejas tanto de su edad, como del
n? de hijos y del tipo de coche (valores posibles: ninguno, todoterreno, monovolumen,
deportivo, otro).

* PRO2: Se quiere estimar la nota final en la asignatura de Mecanica Cuantica de un alumno a
partir de las notas finales de las asignaturas de Fisica y Mecanica. Se tienen datos de 500
alumnos, en concreto la nota en las tres asignaturas.

A. Para el problema PRO1 habria que usar un arbol de clasificacion, y para PRO2
regresion lineal multivariante.

B. Para el problema PRO1 habria que usar regresion lineal multivariante y para
PRO2 un analisis discriminante.

C. Tanto para PRO1 como para PRO2 habria que usar un arbol de clasificacion.
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Quiz
Answers
* Q1l-C
*Q2-B

* Q3-C
*Q4-B

* Q5-A

* Q6-A
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Introduction

Model complexity vs. generalization error

Direct approach: Classification trees

Probabilistic approach: Linear Discriminant Analysis
Quiz

Real examples

O s WwWwN e

Real examples
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Real cases
Transmission planning with classification trees

J. Peco, E.F. Sdnchez-Ubeda, and T. Gdmez Enhancing Optimal Transmission or Subtransmission
Planning by using Decision Trees IEEE Budapest Power Tech, Budapest, Hungary, August 1999
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Real cases
Transmission planning with classification trees
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Real cases
Transmission planning with classification trees
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Dictionary

_‘7
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Classification
Dictionary

* Bivariate Gaussian distribution — * Split — Corte, division
Distribucion binormal (2 . Threshold — Umbral
variables)

- : * Training — Entrenamiento, ajuste
* Feature — caracteristica, variable

de entrada

* Multivariate distribution —
Distribucion multivariada (varias
entradas)

* Overfitting — sobreaprendizaje

* Prior probability — Probabilidad a
priori
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Thank you for your
attention

Eugenio Sanchez Ubeda
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