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Abstract — The worldwide electricity industry has been
embedded in a significant restructuring process toward
deregulation and competition during the last decade. Si-
multaneously, an important research effort has been made
to properly incorporate market features within generation
operation models. Cournot equilibrium has been one of the
theoretical frameworks most widely used to model market
behavior. However, it presents relevant weakness related
to its high sensitivity to the demand elasticity. This paper
proposes the use of firms’ conjectural variations to over-
come this difficulty and shows a procedure to determine
them. The method, designed for long-term operation mod-
els, infers the implicit values associated to the firms’ resid-
ual demand employing only public market information.

Keywords: Competitive electricity market, genera-
tion scheduling, equilibrium models, Complementarity
Problem.

1 INTRODUCTION

In the new deregulated power markets, electric firms
assume much more risk and become highly responsible
for their own economic decisions. Therefore, firms need
decision-support models that fulfill these new require-
ments. An important developmental effort has been
made to design original models and tools that explicitly
represent the electricity market behavior. In this con-
text, the market mechanisms such as individual profit
maximization and risk management are the driving
forces that explain the generation units operation and
the energy expected price.

A great number of market models that try to repre-
sent GENCOs’ long-term behavior are based on Cour-
not market equilibrium. Although advances in market
equilibrium' models have been notable, limitations
persist in estimating several relevant market issues.

This paper proposes a fitting procedure designed for
long-term operational models based on conjectural
variations. This approach allows a more flexible repre-
sentation of firms’ behavior and a more accurate price
generation process than Cournot-based models. These
improvements are achieved by means of modeling
firms’ residual demand functions, which provide infor-

' Market equilibrium provides a set of decisions such that no firm,
taking its competitors’ decisions as given, wishes to change its own
unilaterally.
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mation about the energy that firms are able to sell at
each price. These residual demand functions are diffi-
cult to estimate because they are related to the other
firms’ supply functions.

The proposed methodology characterizes each resid-
ual demand function by its elasticity and estimates the
implicit values of this parameter. Thus, this procedure
computes the long-term residual demand elasticity that
each firm infers when bidding. The inference about
firms’ bidding perceptions is based on clearing market
information provided by the Market Operator, instead
of the real supply functions submitted by the firms. An
estimation process based on short-term supply functions
has been dismissed because they do not reflect properly
firms’ long-term strategies but just firms’ short-term
tactics.

This paper is organized as follows. Section 2 pro-
vides an overview of several electricity market models
based on Cournot equilibrium that are available in the
literature. Section 3 details the conjectural variations
approach while section 4 shows how this approach can
be considered in a MCP-based scheme. Section 5 states
the estimation procedure of the implicit elasticities that
allows to fit market models based on conjectural varia-
tions. Section 6 describes an application of the proposed
approach to the Spanish Electricity Market, and finally,
section 7 provides the conclusions drawn from the
study.

2 COURNOT-BASED MARKET MODELS

The Cournot equilibrium suitability to model compe-
tition among few firms has been widely discussed in
economics’ literature [1]. The vast majority of the mod-
els used in an imperfect competitive context somehow
consider firms' Cournot behavior. In particular, the
Cournot equilibrium approach applied to electricity
markets allows a more realistic modeling of electrical
generation features than any other complex methodolo-
gies, such as Supply Function Equilibria (SFE)’.

An interesting work devoted to a conjectured supply
function approach can be found in [2]. The aim of this

% Supply Function Equilibria (SFE) considers firms compete through
out their bidding supply curves. Although this approach has been
proved to be solid, its application to real markets is avoided due to the
multiplicity of solutions and the poor representation of generation
operation.
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paper is to present a more realistic method to model
imperfect competition in power networks than the tradi-
tional ones. This approach combines the computational
tractability of Cournot models with a solid way of com-
petition such as SFE.

Interest in the research community regarding the de-
velopment of Cournot-based equilibrium models as
behavior-pattern of electricity markets has grown and
has been demonstrated as such in numerous publica-
tions. First developments [3] have been extended later
by developing an iterative procedure to obtain the mar-
ket equilibrium in the Californian Market [4]. An alter-
native procedure to compute the Cournot market equi-
librium by an equivalent optimization problem can be
seen in [5].

Hydrothermal coordination in an imperfect competi-
tion framework was first considered in [6]. The pro-
posed model uses dual dynamic programming in which
a duopoly Cournot model is solved in each stage. An
analytic statement of this problem's equilibrium condi-
tions is introduced in [7]. This approach provides inter-
esting conclusions about the role of hydro generation in
a market framework. In [8] it is shown that the Mixed
Complementarity Problem (MCP) is a powerful and
flexible methodology for addressing the long-term op-
eration planning of a GENCO within a Cournot context.
The MCP structure allows to consider the simultaneous
firms' profit optimizations while representing the rele-
vant operation constraints of generation units.

The network congestion influence in Cournot
GENCO's behavior has also brought about interesting
developments. Modeling electricity markets as spatial
price discrimination process is proposed in [9], [10] and
[11]. Recently, Complementarity Problem and Varia-
tional Inequality approach have been used to model
imperfect competition among producers, including a
congestion-pricing scheme for transmission [12] and
[13].

3 CONJECTURAL VARIATIONS APPROACH

As can be seen in the previous section, there exists a
number of electricity market models based on Cournot
competition. However, it is well known that these mod-
els provide barely credible prices. These high prices are
due to neglecting competitors’ supply functions.

The conjectural variations approach considers the re-
action of competitors when a firm is deciding its opti-
mal production. This reaction comes out from firms’
supply functions and demand curve.

This reaction can be modeled by the so-called firm’s
residual demand function. This function is different for
each firm and relates each firm’s production with the
market price. It can be obtained by means of subtracting
the remaining competitors’ supply functions from the
market demand curve.

In the next subsection, the optimization problem of
each firm is stated as its profit maximization facing its
own residual demand function. Hence, conjectural
variations are considered in firms’ strategic behavior.
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3.1 Firms’ optimization problem

In this section the optimization problem of each firm
is described, whose objective function can be defined as
its profit maximization

I, = n-P-C, (1)
where /7, is the firm’s market profit, 77is the system
marginal price, P, is the firm’s total production and C,
represents firm’s operational costs.

Since the system marginal price is set by the deci-
sions made by the supply and demand side, it is possible
to relate this price with the aggregated production by
means of the demand function.
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In order to calculate the ¢™ firm optimal production,
the derivative of the profit function with respect to the
decision variable (P,) is equalized to zero.
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The first two terms of the equation make up the
firms‘ marginal revenue MR,. The marginal revenue
measures how firm’s revenue increases (or decreases)
when the firm increases (or decreases) its production in
one unit. Likewise, firm’s marginal cost can be defined
as how firm’s cost increases (or decreases) when the
firm increases (or decreases) its production in one unit.
Therefore, firm’s optimal production is achieved when
its marginal revenue is equal to its marginal cost.

Firm’s marginal revenue can be expressed in terms of
its residual demand elasticity &, instead of the residual
demand slope

or 1
MR(P)=7+25p = xl1 4+~ 4
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where residual demand elasticity is defined as quotient
between the unitary change on firm’s production caused
by an unitary change on market price.

€, = —F— Q)

Note that residual demand elasticity is different for
each firm. This parameter takes into account how the
market price changes when each firm changes its pro-
duction unilaterally.

To conclude, this parameter expresses the market
conjecture of each firm. The variation of this parameter
encompasses different type of competition, providing
great flexibility of modeling.

3.2 Flexibility of modeling
Depending on the value of firms’ residual demand
elasticity, a different assumption is made about how
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firms’ marginal revenue is conceived, and consequently,
about how firms behave. In this way, some widely used
market models can be stated in terms of the residual
demand elasticity as follows.

Q Perfect competition. Perfect competition can be
defined as a market situation where firms are not
able to change the market price by modifying their
production uniterally. In terms of market model-
ing, each firm’s residual demand function becomes
horizontal. The elasticity value of a fixed-price re-
sidual demand function (see equation(5)) is infin-
ity. From equation (4), firm’s marginal revenue is
equal to the market price. As expected, firm’s op-
timal production takes place when its marginal
cost reaches the market price.

Q Cournot model. As previously mentioned, Cournot
model is one of the most common approaches to
represent competition among few firms. In con-
trast to perfect competition, firms are able to mod-
ify the market price by means of changing its own
production. The market model conjecture that
states a Cournot equilibrium can be written in
terms of a demand elasticity equal to every firm
competing in the market scaled by its market share
(&. =&/ a,), where & is the demand function elas-
ticity and @, is the e™ firm market share. Cournot
prices are usually far higher than real market
prices.

The different values of the residual demand elasticity
depending on the theoretical market model are summa-
rized in Table 1.

In this section it has been presented a flexible ap-
proach that allows to represent different optimal market
behaviors using firms’ residual demand elasticity.

Model Market Conjecture
Perfect Competition g =00
Cournot E=¢&lQ,
Conjectural Variations EFE

Table 1: Market Conjecture
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4 MARKET EQUILIBRIUM MODEL

Since firms compete within a market context, firm’s
optimal energy schedule must consider not only its own
optimization program but also the interaction among the
optimization programs of the remaining firms.

The mathematical structure of a market equilibrium
problem conceptually corresponds to various simulta-
neous optimizations (one for each firm) linked together
through the market price resulting from the interaction
of all of them. This scheme is shown in Figure 1, where
/71 represents the market profit of each company
el[1,...,E], x the decision variables and the set of con-
straints 4 and g are particularized for each company.
The electricity market is modeled by the demand func-
tion that relates the supplied demand to the electricity
price.

Optimization
Program of Firm 1

Optimization
Program of Firm e

Optimization
Program of Firm E

maximize : /71(x1) maximize: [1¢ (xe max imize : /7E(xE
o 5

subject to: h; =0
g <0

subject to: h; =0
gi<0

subject to: hi =0
g, <0

nn-m(z)=0

Electricity Market

Figure 1: Market Equilibrium

There are several methodologies that are able to deal
with this market equilibrium structure. One of these
methodologies is based on the Mixed Complementarity
Problem (MCP). Examples of these MCP-based models
can be found in [8] and [12].

The market equilibrium stated in terms of an MCP
scheme requires setting the first order optimality condi-
tions of Karush-Kuhn-Tucker [14]. These optimality
conditions are associated to the set of maximization
programs, as shown in Figure 2.

Optimality Conditions Optimality Conditions Optimality Conditions
of Firm 1 of Firm e of Firm E
, _or' _ 5 _or _ ark
0,z (x,)l,,u)—ax—l—o 0, (v, A, )= =0 DxﬁE(x»/‘»ﬂ)=a)7=0
ar' e _oL . _ arr
DALI(X’A’ﬂ):aT:h;ZO 0l 2 (x,ﬂ,,u)—aw{ —hj =0 D/‘LE(X’/]’H)za/]E :hjE =0
J J i
i By =0 g <0 <0 (=0 g{<s0 <0l |uflgf=0 gi<0 pi<0

nn-m(x)=0

Electricity Market

Figure 2: Market equilibrium as a Mixed Complementarity Problem
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In Figure 2, £ represents the Lagrangian function of
the corresponding optimization problem and A and y
represent the dual variables associated to the set of 4
and g constraints respectively. The optimality condi-
tions can be stated as three sets of equations. The first
one cancels the gradient of the Lagrangian function
with respect to the decision variables x. The second set
(the gradient of the Lagrangian function with respect to
the dual variables A) coincides with the equality con-
straints 4. The third one is made up by the complemen-
tary slackness conditions associated to the inequality
constraints g. Grouping together all companies’ system
of equations leads to a mixed complementarity problem
formulation.

The market equilibrium formulation as an MCP al-
lows to model firms competition as the conjectural
variations approach previously detailed in section 2. For
the sake of clarity, it is considered as each firm’s deci-
sion variable its portfolio production (P,). Therefore,
equation (3) expressed in terms of residual demand
elasticity (&) corresponds to the first set of the KKT
optimality conditions within the MCP scheme.

V. L() = or _ -

‘ oP

e

1+i]CME(PC) —0 ®

Note that in (6) appears the residual demand elastic-
ity. Hence, an MCP-based model allows to consider
explicitly the conjectural variations approach.

In more complex models, single units productions
are stated as decision variables instead of firms’ portfo-
lio production. Still, firms’ marginal revenue is always
an element of the optimality condition associated to
each decision variable.

5 IMPLICIT ELASTICITY ESTIMATION

In this section, a methodology suitable to estimate re-
sidual demand elasticity is presented. The resulting
estimations will allow the fitting of electricity market
models.

5.1 Overview

As has been previously detailed in section 2, the
market conjectures selected to model the firms’ behav-
ior have a relevant impact on firms’ productions and
market prices. In section 2 it has also been presented a
conjectural variations approach to model firms’ behav-
ior more flexibly than the traditional Cournot modeling.
This approach is based on using firms’ residual demand
functions instead of market’s aggregated demand curve.
Therefore, it becomes necessary a methodology able to
deal with the fitting and estimation process of the firms’
residual demand.

The proposed methodology is based on fitting the re-
sidual demand elasticity by means of an evaluation of
the conjectural variations model on past data. It is first
supposed that firms behaved via a conjectural variations
pattern during the fitting period. Therefore, the deci-
sions (productions and market prices) they made can be
assumed to be optimal. This optimal schedule can be
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expressed equalizing firm’s marginal revenue with its
marginal cost (see equation (3)).

When fitting with past data, firms’ decisions have al-
ready been made. Consequently, we can infer the past
residual demand elasticity by means of using these
decision variables as acknowledged values. This proce-
dure is known as implicit valuation. Thus, the residual
demand elasticity obtained is called implicit elasticity.

It is important to remark that the implicit values of
the elasticity measure firms’ perception about their
market positions in a conjectural variations context. In
fact, this perception does not need to coincide with the
real residual demand computed by the supply and de-
mand curves submitted to the market by all the firms.

5.2 Implicit elasticity

The procedure to obtain the implicit value of firms’
residual demand in a conjectural variations context is
stated along these lines. Let 77be the actual system mar-
ket price and MR, be the marginal revenue of the firm e.
The implicit value of the residual demand elasticity
(&) is derived from expression (4) and can be written

as follows.
E=—T— %)
° MR -7

The value of firm’s marginal revenue is impossible to
estimate regarding market data. However, it can be
approximated to firm’s marginal cost by means of
considering that each firms is generating optimally (3).
Firm’s marginal cost can easily be estimated as the
generation cost of the most expensive committed unit’.
Therefore, the implicit expression of the residual de-
mand elasticity can be stated in terms of the market
price and firm’s marginal cost as follows.

~ 0

= MC, —m ®

5.3 Estimation

By means of valuing the implicit residual demand
elasticity, it is possible to infer firms’ long-term behav-
ior. The estimation procedure uses only public market
information (prices, production, estimation of firms’
marginal costs) hourly provided. Applying equation (8)
to this information, the hourly time series of the implicit
residual elasticity of each firm is directly acknowl-
edged. These implicit values not only consider long-
term firms’ behavior, but also are very influenced by
short-term uncertainty sources and operational con-
straints.

Some relevant short-term uncertainty sources that
have some bearing on the implicit demand elasticity are
plants outages, water spills, deviations of the forecasted
demand and supply curves submitted by the rest of the
firms. Short-term operational constraints as plant ramps,
minimum stable output, limited reservoir capacity and

3 A more precise marginal cost estimation requires considering units’
generation constraints (i.e. ramps and minimum stable output) and other
relevant market issues (i.e. capacity payments).
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network constraints also have a significant effect on
implicit values.

Therefore, the previous short-term issues must be
sieved in order to properly estimate implicit values that
will model firms’ long-term behavior. It is necessary to
process all the information about the implicit residual
demand evolution looking for a trend value. Statistics
make available several data-analysis methodologies that
are able to deal with long-term behavior estimation
from short-term data. Depending on the nature of the
variables used to do so, statistical methods can be clas-
sified as follows.

Q Relational models. By means of these models, the
implicit elasticity of the residual demand is related
to one or several relevant variables (explanatory
variables) whose long-term values are easy to in-
fer. This relationship is expressed by a function
among the variables. Having a long-term estima-
tion of the set of explanatory variables (e.g. de-
mand, hydraulic inflows) a trend value of the im-
plicit elasticity can easily be obtained by evaluat-
ing the former function. Some of the statistical
methods that can be defined as relational models
are regression, neural networks and decision trees.

Q Classification _models. In contrast to relational
models, the set of values of implicit elasticities are
categorized by the different levels of several dis-
crete factors. The long-term value of the implicit
elasticity for each factor combination (i.e. class)
can be expressed as a statistical measure (average,
median or mode) of the past data distribution.
Variance analysis and clustering are some statisti-
cal methodologies based on classification proc-
esses.

Q Time series models. These models consider implic-
itly the evolution of firm’s elasticity and infers a
trend value of the time series. Time series method-
ology allows not to take into account other vari-
ables or factors when estimating the long-term
values of the implicit residual demand elasticity.
Some of the time series methodologies devoted to
deal with long-term trends are time series decom-
position and exponential smoothing methods.

6 CASE STUDY

An MCP-based equilibrium model [8] in which firms
compete considering conjectural variations has been
applied to the Spanish Electricity Market to validate the
estimation and fitting procedures detailed in sections 3,
4 and 5. A comparison with firms’ Cournot behavior is
also shown in this section.

6.1 System description

The Spanish Electricity Market was established in
1998 and since then four firms compete: Endesa, Iber-
drola, Union Fenosa and Hidrocantabrico. The system
meets a maximum peak load close to 30000 MW and a
yearly energy demand of 175770 GWh, and the average
hydro energy available is 30176 GWh. The annual
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scope of the model has been divided into twelve periods
(months) with 5 load levels for each one.

. Power L .
Type # Units (MW) Ibedr. Endesa Unién Hidroc.

Thermal 82 32107 29%  54% 13 % 5%
Hydro 38 16628 51%  36% 3% 10 %

Table 2: Spanish firms’ production structure

There are 82 thermal generators grouped into 42
thermal plants. The hydro units have been grouped into
28 equivalent units plus 10 pumped-storage units.

All the information that has been used in this case
study is public. Units’ productions and market prices
have been obtained through the Spanish Market Opera-
tor. Fuel costs and units’ thermal rates are respectively
based on international fuel prices and standard technol-
ogy rates.

6.2 Numerical results

Two different Cournot scenarios have been consid-
ered by changing the aggregated demand’s elasticity
value. For the first one, & is equal to 0.3, while for the
second one & is equal to 0.5. A conjectural variations
approach has also been implemented. The value of
firms’ residual demand elasticity has been estimated
using a classification model where each value was la-
beled depending on the firm, demand level and the
expected hydraulic inflows. Data used to fit this estima-
tion model is based on the market results of the year
1999.

The model-obtained prices (€/MWh) and the real
market results can be seen in Table 3. Note that conjec-
tural variations provide a realistic estimation of the real
market prices for every demand level. In contrast,
Cournot equilibrium gives deficient results when de-
mand elasticity decreases.

Model On-On-  On- L=~ Off Off-Off-
Assumption Peak Peak Peak Peak
C"“S“;t & | 28121 25880 23134 16847 116.76
Couéns‘“ & | 79.09 7424 6845 5461  39.99
Conjectural
Variations | 4392 3801 3159 1956 1377
Market
prices (2000) | 608 4021 3261 2216 1653

Table 3: Model’s average prices (€/MWh) for each demand
level

For the first Cournot scenario, estimated prices are
even eight times higher than the real ones. It is impor-
tant to remark that a demand elasticity value of 0.3 is
very high in electricity markets. For instance, the aver-
age demand elasticity in the Spanish Electricity Market
in 1999 was 0.03. Therefore, the use of a Cournot
model in which its demand elasticity estimation is based
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on the submitted demand curves is completely inappro-
priate.

Note that although only four firms compete in the
Spanish Electricity Market, actual clearing prices are
much lower than those provided by a theoretical Cour-
not model. In fact, price-shocks as occurred in Califor-
nia have not been observed in the Spanish Electricity
Market.

Regarding the results obtained of the case study, the
conjectural variations approach and the proposed im-
plicit estimation methodology of the residual demand
elasticities provides a flexible and accurate tool to infer
realistic firms’ productions and market prices. The ad-
vantages with respect to Cournot-based models are
notable.

7 CONCLUSIONS

In this paper it has been presented a conjectural
variation approach to fit electricity market models. This
approach allows a more flexible and accurate market
description than Cournot-based models when modeling
firms’ behavior in a liberalized context. The different
firms’ behaviors, ranging from perfect competition to
Cournot, are considered by means of its residual de-
mand elasticity.

Due to the importance of an accurate estimation of
firms’ residual demand function, an inference procedure
of their elasticity has been developed. It is based on an
implicit estimation process that can easily be computed
regarding only public market information. These im-
plicit values of residual demand elasticity somehow
model firms’ perception about their market position.

A case study applied to the Spanish Electricity Mar-
ket has been presented to illustrate how the proposed
methodology is able to provide credible results. These
results also show that behavior of firms competing in
the Spanish Market clearly differs from the theoretical
Cournot approach.
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