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ADBSTRALT

This paper presents a methicd o denve and Lo
understand the meaning of marginal costs i the muli-
arcat hyelrothermul dispatch problem: Optimal economic
Kamsh-lKuhn=Tucker conditions wre detived  for ecach
system resource on ony stage of the study perisd using
the Lwgrrapge heory. The economic role ol thermal
units, hyelro iorhines, reservoirs ad interconpections 1§
analysed in detail, This methodalogy has been applicd (o
g simplificd cose denved from part of the Central
American system. Numerical values illostrate relations
ol agents ol the oplunum

dispatch,  Lagrangian

1. INTRODUCTION

Mast planners e familiae with global  optimal
operation condions of an eleciric energy  syslem.
Mevertheless, there is no comprehensive framework 1o
imderstaned  the  cconomic  relationships among  every
systern agent, such as hydro and thennal generators,
reservioirs, and  imterconnections.  Muln-area  hyidno-
thermal systems have twe different types of constraints
difficult to deal with:

- temporal links between the consecutive stages in
which the study period is divided. imposed by
reservolr management; and
spatial links between the sysiem drcas imposed by
tic-line interconnections.

Since inflovws are stochastic parameters, advanced
methodologies have been  implemented w0 model
caplicitly their effects in the hydrothermal dispateh [
Ohviously, stochastic behaviour of inflows is propaga-
ted 10 all operadon results making the economical
analysis a difficult task: In this paper, deterministic
maodels are prefemed because marginal analysis can be
catried otif in a more comprehensive way, Besidss they
give planners consistent and compamtive knowledge
ahoul economical effects of changing parameters (2.2,
exchange capacity between regions, fuel prices, eic.).

Energy spot markets use marginal priving as (he
oplimal cevnomic signals that agents must exchange in
order to achieve maximization of global social benefits
[2]. 3], Under perfect information amd competiton
assumplions, decentralised maximisation of hencfits is
equivalent 1o centralised minimisation of cests. Keeping
this dual principle in mind, this paper presents 2 methed
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to denve and 1o umderstand the meaning of marginal
costs in the hydeathermal dispatch preblom among
interconnectid subsystems. Optimal economic Karush-
Kuhn Tucker conditions are deiived Tor each system
resource on any stage of the shuly period using the
Lagrange theory [4]. The economic role of thermal
generators, hyilm  uchines, reservoirs  and  infer-
connecuons 15 analvsed in detail, giving a clear
understanding that how these economical signals could
be used moa compelitive enviomment based on margimal
pricing.

Chiher works hiave been carned ont i the sume Lopic.
Reterence [5] used a detenministic lnear programming
model 1o derve marginal capacily benelits of some
agents in an isokated hyddrothermal sysiem, cxchanges
were not included. Those benetits were delined Tue cost
allocauon and margingl investment signal  pueposes.
They were not defined and peneralised (or ull operating
possibilitics.  Reference [6] considered a shorl-lerm
model ancluding  agsregated  wansmission  losses.
Operating  conditions  of  thermal - gensrators,  hydro
wrhines uml reservoirs were used for defining some
decizion rules (o be incloded nto an algorithm,

This paper cantributes with a step by step procedure
to derive optimal economie condirions for cuch agent
including effects of water value, spillages, non-servid
energy and inferconnections, Clarity and simplicity of
the method guarantes an easy understanding of the role
of each agent in the system.

Section 2 describes e symbols used in Lhe paper.
Section 3 presents the mathematical muodel of the multi-
arca hydrothermal problem and its Lagrangian model o
deniva the general uptimality conditions. The analysis of
marginal costs for each agent is detsled in section 4,
This method has been applied to a simplified cuse from
part of the Central American system, Numerical values
illustrate optimal relations of agents in section 5. The
conclusions of the paper are in section 6.

2. NOTATION
In this seetion, the symbols used along the paper am
listed according to their impuorianee.

S5 number of subsystems or areas, indexes areas.
I number of thermal units, indexes thermal units.
i number of hvdre plants, indexes hydro plants,
1. number of stages, indexes lime stages,

£, nun-supplied energy cost.



C incremental cost in thermal unit j in arca 5

P production cocfliment of hydro plant §in ares 5.

Ay inflow volume to plant { marea s during slage ¢

D, energy demand tn subzystem 5 in stage r

Frn maximum transter capacity of line sk

JF'E:E.I. peneration capacity o thermal anil §, arca s,

"'Eér“' maxmmum lurbined vodume of plant { area s,

Vi ¥ miax, snd min shomge voluine of plant
f.area §,

S power flow in line sk to/from area 5, stage 1

e power flow in line & to/from area &, stage ¢

i generauon of thermal unil Jin area & stage ¢

prs,  non-supplied energy in ared s in stage 7

i, Wrbined outllow volume 1 plant . area 5, stage
fi

Vi ftomed sodume in hvdee plant §in area 5 at the
enching of glage r or beginning of stage (+/7,

e spilled valume in plant 1 area &, daring stage &

¥ ¢ & qie-hines specified with area s as sending,

kK4 & qielines spectfied with ares x a8 receiving,

BV K gl e lines tor horder nodes) in the system.

A it refers (o a Lagranpe muliiplicr,
3, MATHEMATICAL MO

The  moli-wea  hydrothermal  dispatch can be
{ormulated by the fullml.rinL limm program problem:
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Ior the sake of simplicity, the duration of each stage
f a5 assumed as T ume unit, the discount rate, run-of-

viver plamts and hydro petworks are not modelled here

An appendis in reference | 7] completes prohlem (1} with
run-of-niver plants and Gydio networks.

The objective function {la) is the minimisalion of
the varjable costs in thermal production and non-served
energy over all stapes of the study period.

Constraints (1b & 1c) are the energy balunce al coch
subsvatem aml cach border node. Demand 15 a known
parameter for all stages. Tnvarable hydro production
coelficients are assumed.  Intercomnections  Dutween
suhsystems ae split up by a fictitiowns border nole. A
classical transport madel with no Josses is used. Intra
saren Lransmission network 15 not modelled,

Fauation  (1d) represents  temporal - coupling  of
reservolrs. Inflows  are considered s detenministic
parameters, The states of reservorrs al the boginning and
ending of the study petiod ate fixed data,

Constraints { T} have been detined by the energy
conservation principle: meomimg  (ows are cqual (o
autgonny ones, Inequality equations (le-ph correspond Lo
the techmical and opevativnal limits of primal variables,

As indicated in (1), each constennt has associnted
dusl variable called Logrange muluplier. When problem
(1) s solved, each muliplier indicates how much the
total costs change with respect Wou marginal change on
the right land side of the associated consteainl whils
keeping the aptimalily conditions.

3.1 Relations Between Constraints and Muli
Al the optimum, all constraints must be satislicd.

liquality construinls must always be active, while

inequality ones can he active or not, Table [ resumed

hehaviow of Lagrange multiphier for each case,

Table 1. Belmviout of Lagrange Multiplier
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3,2 Lagrangisn Function
The global optimisation problem (1) can be
formulated asa I_ag;rangjan 1'1|m'tmn [4].
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Al the opimum, the ]..'qurnnE'iFm addional  tenns
{(Constraints times multipliers) are equal 1o zero, becas
al ledst une of the two factors of the product 15 zero. The
advantage of agrangian function (2) is that it allows o
derve the followmg Karpsh-Kuohe-Tucker oplimality
conditions [4].

3.3 First Denivanves Respect to Dual Vanables
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Sousfving  opumality  conditions  (3-17) implics
satislying constraints of the problem (1),
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Since dervatives {18-24) must always be satisfied at
the opumum, they are more reslictive than primal
constraints (3-17). The optimality conditivns (18-24)
define relations among dual vamables of the problem.
Therefore, they allow s comprehensive  economical
interpretation.
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In this section, the marginal capacity benefit (called
marginal benefit) 15 defined for each variable combining
all the Karush-Kuln-Tucker conditions (3-24),



4.1 Marginal Benelii for Thermeal Units

Fur thermal units, primal eonditions ame (3}, (6) and
(73 while {18) defines the dual condition. Marginal
benelit for cach therma! unit in cach sobsystem at each
stape can be derived for both bounds vsing (18) and
taking ko account (6)-(T) while satstving (3).
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(2538c)
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Matching (25abc) and (26abc), the marginal benefil
(or cach thermal anit is defined as:

I J
50,y £8,=di e
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A umt is not dispaiched (27a) when s Ingremenial
Cost 1C-, Cjye 15 higher than System Margnal Cost -
SMC., md,. Under conditon (27a), the unit has an
indicative margin of ccononical metficiency preventing
s dispach

A oumit s operatng within beunds when gis I iy
equal 1o SMC, Therefore the unit 15 the margmal of the
system, Uneler conedition (27h) the unit does not make a
profil because incomes are equal 1o vaniahle costs.

A thermal unit s operating 3l maximum CApacity
when ils 1€ is lower tian SMC. Under condition (27¢)
the unit makes a prof

‘Ihe role of A thermal unit can be seen as an agent
that buys energy at its own umt production cost ¢, and
sells it at the market price md,,. The difference betvween
cost aid price can be undersiond as the mcentive for
peneration  capacity expansion of the theomal plant,
Eg,.’:rr'

4.2 Margingl Bepefit for Reservoirs
Marginal benefit for each reservoir in each amsa ar

any slage can he denved for both bounds using (19} and
taking into account (8)-(9) while satis{ying (5.
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(28)
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Matching (28abc) and (2%abc), the marginal hencfit
for each reservoir at any stage 15 defined as:

P J
Z p;‘ Cf'f‘r + Zg‘”* o di‘
i=1 j=1
{ahe)

When a reservorr i5 al ils lower level (30a) then the
value of water in the curtent stage is preaer than el
value in the nexl stage, For example, if current inflows
are scarce and the espected fulure incomes would be
ahundant, benefits for depleting the reservorr now wuoull
be higher than i the: future.

When a reservorr operates within bounds then the
vitlue of water in the current stage 15 equal (o thal value
i the next ome (300,

When a reservoir operales ol s maximum level
(30c) then the value of water o the comond sk B3
lower than that value 1o the next one. For example, wol
hydrology on current stage and dry vne in the Tuture.

The role of a hydro reservoir 18 a5 an agend thit
buys/sells water on the current stage at the price mhy,
anch sells/buys it in the next stage at the price mh .
The difference between those prices ae the meentive e
starage capacity expansion ol the reservoir, mv

derpl?

4,21 Value of warer between stipes

In consccutive stages, the value af water for cxh

reservorr can be delined matching (28) and (259,
1 J

2Pyt 28— di wax

Acconding 1o (31b), it the reservorr 15 within hounds
ar avery stage, the value of water is unique at all stages.
In practice, condition (31h} can be applied o large
reservoirs with high regulanon capacily, since il s
difficult 1o resch teelr limits duning a certain period,

If the reservair reaches any of its limits at some
stage (3lac), then 1ts water would have differenl values
in the separated common stages.

4.3 Marginal Benefit for Hydro Turbine

Margingl benefit for each hydro lurhine in each
subsyslem at any stage can be derived for hoth bounds
using (20} znd taking into account {10p(11} while
satisfying (3) and (3),
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Matching (32abe) amd (33abe), the marginal benefit
for each hydro wrbine for any stape s defined ag
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A wrbine should not be dispaiched when the value of
watter gl ils vwn reservaoir is higher than SMC times the
production coefticient (3da). lor example. a possible
application case is 10 compute the value of water i a
subwystem simolsting solated operation. This water
value would reflect high thermal producton costs
avidead inde this local e, Then, the hydo wubine
waonld bid with that price 1 a possible more officent
regional market where all the subsystems compete.

When o bydeo webine operates within bounds then
the value of water at itg own reservoir 15 cgqual 1w SMO
times the production coefficient (3db). That means the
hydro turrine is the marginal of the system.

When o hydro furbine operstes al ils maximuam
capacity then the value of water a1 1is own reservoir 18
lovwer than SMC times the production coefficient (34c).
Thig 15 commmon ar peak losd hours whens the wrbine
operates ul top copacity below the svstem margimal
peneralon,

The rode of o hydro webine s as an agent that buys
wiler 16 1ts own reservorr at the pnice mh,, and setls it at
the markel price md, tmes g2, Agan, the marginal
benefit of a trtime, mg,,,, 15 the meentive signal for
|1'H'.‘-!‘EE!H1.'|'|].]. & Capaciy

4.3.1 Walue of walet

Prom (34abc) the oprimal water value relabons in
any stage can be defined as:

! J
S P4, £8y=di
i=1 j=1

When (the hydro wrbine s within hounds {33b) in
some stage r, the value of water in its reservoir can he
directly checked relating (35b) and (27b):

£ T

P gy . B e — <l (30
i—1 F=1

If the maginal cost of the system is Imposed by
another hydro plant instead of a thermal plant, e
condition (35b) 15 prefesred. As mdizated in (31b), the
water value can be propagated to other stages if the
reservorr does not reach s storspge Hmis. That offect
does not mean that the SMC in the next stage will have
the same value thau in the current one, since the cument
margingl genersior might be dispalched al wp capacity
or put cut of the sysiem (minimum capzacity} in the next
stage.

The relations (34} or (35) indicate that the value of
waler 15 the ceonomic signal for dispatching the hydoo
turbine. ‘T'hat it 1z why the water value is uzed as a key
price to bid hivdro generation in a compettve markeb

4.4 Mareinal Benafir for Tnterconnections

The power flow through inlerconnection between
subsystems 5 and k is modelled as indicated in Figure 1
Fipure | i

ket i HTﬁ

Fomber I‘v"#
node :

4.4.1 Marginal benefit for line sk for suhsysien

Marginal benelit Tor the interconnection s& from
point of view of subsystern & a0 any stape can be derived
for both bounds using (21} and taking into accound (12)-
(1730 while gatsPyimg (3 aod (4),

! v
Zpi it Lgﬂ =l 0
Jf=1 "

i=l

/ g
ZIP i T 'Z'Jg*""" =y
I — J=

Matching (37) and (38], the marginal bensht Tor the
intercannection ok for the subsyslem s ol any stage is:

/ i
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When the power How through the interconnection vk
15 at its lower cupucity (maximum exports of the
subsvstem 5) then the marginad costal te border node is
higher than the marginal cost at the subsystem x (39).
When the flow ix within bounds then both marginal
costs are the same (3%b). When the Now ix wt the Lop
capacily (muximuny imports of the subsystem ) then
the subsystem marginal cost is higher than the one at
the border {3%9¢).

The role of the interconnection 515 a3 an agent that
buvs/sells energy al the border node at o price &f,, and
salls/buvs it to the subsystém s at the price md . “The
difference hetween those prices (F.) is the incentive
for mansfer capacily expansion ai the imtercotnection,

442 Marzinal benetit for line sk for subsysiem k

Analogously, the marginal benefit  for the
interconnecton s for the subsyslem & al any stage 18
defined as:

I J
2 P g+ Zlgjr =d;
=1 =

Similar conclustons of (39 are valid for arca & (400,

443 Systemn marginagl cost

If there 15 no network congestion duting any stage,
the relations (390} and (b} establish that all arcos ad
horder nodes operate at the same marginal cost.
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If there were spme nefwork congestion, then the
global system is spatally separated in economical

pslands with difTerent SMC, see (3%c) and (40ac ).

Ener

In problem (1) the Non-Supplied Lnergy -NSE- 15
meadelled as o Getiious thermal generstor with infinite
capacity and a high umtary cost, Cens, The marginal
benefit of NSE at any stage can be denved from the
optimality condition (23) taking into account (16) and
satislying {30,

i

Relation {42a) means that there s no NSE when
Cons is higher than the SMC, NSE appears when Cens
s eipual to SMOC (42h). That s, the ficutiows generator
NSsLis the marmnal of the system. This happens when
installed  thermal  generation  capacity  plus  hydro
production plus impors are ool cnough 1o supply load
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4.6 Ellects of Spilloges

Murgingl benefit of spillages for each hydro plant in
each suhsvsiem al cach slage can be defined from (24)
taking into aceount (17) and sanslying (3§

t g
2l < F I 3 O (43ab)
t=1 J=1

Thi coenouaes] interprétation of relations (43ab) 15
straighiforward, Ateach stape and in cach subsystem, if
o hydro plant does not spillage, then 1is waler has u
vaulug higher than zero (43a). 1f there are spillages, then
the salue oF waler is null {430

S CASESTUDY
The linear programming technigue implemented 1n
GAMS language [R] hus been used for solving: the linsar
optirisation problem (1), The concepls on murgina
costs developed in this paper will be illustrated in a case
shudy,

istem Confisuration

The studied system is formed by three simplified
subsyatermns comesponding o Guatemala -GU-, El
Salvador -BES- and Honduras -HO-. They are connected in
cascade by a tie-line with a transfer capacity of 200 MW,
The study period has been divided in 3 stages. In cach
stage, the demand is modelled by two constant load
levels: i) peak -nl., and i) off-peak -n2-. The peak level
lasts 17.8% of the stage time duration.

Each subsystern has one large Lydro plant with a
reservoir, Hyvdro reserves are considered as 73% of
maximum capacity at the beginning and ending of the
stucly petind. Inflows reflect average historical data for
each reservoir taking into accountl wmporal and spatial
correlations.

Table [I, Data of Hydro Plants
Flant- [ Minimum | Magimum| Maximum | Production
Contry Steragre Storage | Turhined I;E; Goefﬁc:l?m
hmi hm fmfs - MV s
!
Chixoy- 128 E a8 - 275 35
Gl
| ANev-ES TES 2180 203 - 134 0461
| Cajgn-HO| 2139 5ER3 238 - no0|  asv7

Table T Hydro Inflows

Plaim Inflews m /5
Stane H Staga #? | Slage 3
Chueoy 554 361 957
Sapon 225 1639 3120
Shov 1154 95,0 ! 2257 —I.I

Diesel -DS- and Bunker <1< are the hasic Tuels used
by the thermal plants in the region. o, each couniry is
modelled with two equivalent thevmal plams.

Table 1V, Data of Thermal Moty

Pant - | Maximum | Incremantal
Country | Gapacily Ciogl
M S

Ak 150 )
ns-GU 335
BR-ES 185
DS-ES 210
BE-HO 6]

EE—HU 110

The meremental cost of those plants reflects: 1) real
wvernge efficiencies of stale-own plants, auoproducers
and privale contragts, and 1) the same fuel price in all
regions, BK 18.5 $/Mhbl and DS 27,3 $/bbl.

5.2 Encrgy Results

The optimal power solution for the case study is
presentad in Table V. The values in “bold” mdwcate that
paimum limits have been reached,

Table V. Power Balance (MW
Arag Plant s o]
m iz ml rit
BK 150 1%0] 150] 150
o0s 201 ol 1490 n

Gu Chixoy 275 275| 275 1Vd
Impod, -1r8] i8] -165 161 =200
Load 250 3049 468 314

BE 185 9] 1#a]| 185

DS by} il [+] 1]

ES SMov 118 135] 135 135
Jiszpeart 55 25 5] 110

ogd 375l rasnl  ass] 1o

HE 1 [i] [1] [¥]

1 Ds g s} a 4]

HO Cajin el 1TH| 300 a4
Imnzart 121 a9 B 126

L fosd | sorl z7ol ool 2zol
GU exports and HO imports in every load lavel at all
stages, ES exports tn HO during the off-peak levels of
slages (2 and 3 and imports from GIT in the rest of the
sudy periosd. Network congestion appears only bebween
GU and IS at peak hours in stage (3.
Al hydro plants have been dispatched ot their
maximurn capacity during peak hours.




The BR thermal plamt in GU is the most
aompelitive of the region, 10 has been always dispatclied
at maximum capacity along the smdy (base-load plant)
BK in ES is alsu competitive. BK in HO has very
expensive costs: it 15 only dispatched n stage £ due 1o
the network congestion, The DS plants 10 ES and HO
have not been dispatehed due o low elficieney

The ouputs aboul marginal costs are detmled n
Tahle VT for cach arca and border node: The water value
in each hydro plant is presented in ‘Table VI

The system marginal costs are 55 and 45 S/MWh
during peak and off-peak hours: respectively. Due 1o the
congestion between GU and 135 during the peak howrs in
83, the system i broken into wo ecopomical 1siands.
Uinder that congestion, the marpginal cost in ES and HO
is 60 $/MWh as stated by relaton (34a)

Table VL Marginal Costs (3(MWh)

PG Dr Staps H Stapa 2 e O
Hordar Mt | ol n2 nl n nl ne
(51 5 45 il A4 14 45
GL-CS 3 L -] A% 60 ah

ES il 4t [ Afs [TTe] 45

- ESD S| 45 § S5 1 4% ) a9 1 45
HO 5 3 [ 4y [iTe) A5
(—=—--———— —————

l'able Y11, Value of Water (3/MWh)
Plant slege 1
Chixoy ah
SMow a4
Cajen 4

The value of waler is 45 $/MMWh for ail hydro plants
during all stages. This value coincides with the sysicm
marginal cost during off’ peak hours

Asostated by (27b) the system marginal generator at
the peak hours in every stage is the DS thennal plamt
from GU. Meanwhile the off-peak demand has differcat
mavgingl generators in each stage. Using (278) the BE
thermal plant fromm ES is e system marginal at the off-
peak load in stage o} as well as the Cajdn plant {rom
HO (34b), According to (30), the warer value in Cajdn
is derived there, According to (31b). that water value can
propagate to the stages ¢2 ancd ¢3 10 the Cajin’s reservolr
does not reach 118 storage limits as it happens in (his
exwnple. Then, applving (34b), Cajdn 15 the system
marginal in the off-peak hours in stage 2 as well &
Chixey from GU. Cajon 15 also the system marginal in
the off-peak hours in stage 13 as well as 3Nov from LS.
The water values in Chixoy and 3Nov are derved at the
off-peak hours in stages 72 and r3, vespectively, by
means of {3500,

Table W1 Marginal Beagefii (S0 Whi

Stage & o

i n ] ié
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201 10 -2
[i] 10 ]
gl 1] -10
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-6 o] i

T Ezmo 5] it Bl 18] o] ||
TDEHD i ) ) ) -
[ Csldn =10 4] -10 4] -16 i

In Tabl= VI, the marginal capacity benefit is
presented! for thermal plants and hydro turbines. In this
example, any reservolr reaches storage lmils dwing the
study period, excent at the beginning and ending stapes
where a 75% reserve level was linposed, There are no
spillages on any hydro plant. There i nol nen-supplied
energy in any subsystem,

The marginal benelits Tor interconpections GUHS
and ES-HO are zero for all load levels amd for all stages
exeepl GU-ES during peak of stage 3. Due to the
congestion, marging] henefit of tie-line GU-ES 15 5
SIMWh Accordimg o (39a), that benelil eomes o the
difference between the system marginal cosls at the el
points of the line,

The margnal benefits for cach ageol indicated in
Tuble WIHI can be contrasted with all the theorctical
conditions derived in this paper, For example, the
marginal benefit for marginal plants 5 wero, e those
plants operating al maximum capacity 1% negalive,
fur nun-dispatehed plants is positive,

6, COMCLISIONS

L this paper, a simple method to derive the optina-
lity conditions for operating  multi-area hydrothermal
systems has heen presented. As o by-product, the econo-
mical implications of marginal costs aml prices on the
nperting conditions of each single system agent have
been analysad.

The undesstanding  and  computation  of  these
margingl ¢costs and prices can be a valuable informalion
in the mew [rumewwk of cowmpetition where several
interconnected systems will form an inlegrated wholesale
energy market [n addinon, the computanion of marginal
capucity benefits for each one of the system resources
appear as a relevanl economical signal o drive new
facility investments

Far the sake of simrlicity, electrical and hydraolic
losses, hydro petwoiks and run-of-river plants were nof
modelled, Mevertheless, lheir ceonomical effects ond
implications can be deduced uzing the presented metho-
ooy,
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